In this paper, we have presented a family of fourth order iterative methods, which uses weight functions. This new family requires three function evaluations to get fourth order accuracy. By the Kung-Traub hypothesis this family of methods is optimal and has an efficiency index of 1.587. Furthermore, we have extended one of the methods to sixth and twelfth order methods whose efficiency indices are 1.565 and 1.644, respectively. Some numerical examples are tested to demonstrate the performance of the proposed methods, which verifies the theoretical results. Further, we discuss the extraneous fixed points and basins of attraction for a few existing methods, such as Newton's method and the proposed family of fourth order methods. An application problem arising from Planck's radiation law has been verified using our methods.
Introduction
One of the best root-finding methods for solving nonlinear scalar equation f (x) = 0 is Newton's method. In recent years, numerous higher order iterative methods have been developed and analyzed for solving nonlinear equations that improve classical methods, such as Newton's method (NM), Halley's iteration method, etc., which are respectively given below:
and:
The convergence order of Newton's method is two, and it is optimal with two function evaluations. Halley's iteration method has third order convergence with three function evaluations. Frequently, f is difficult to calculate and computationally more costly, and therefore, f in Equation (2) is approximated using the finite difference; still, the convergence order and total number function evaluation are maintained [1] . Such a third order method similar to Equation (2) after approximating f in Halley's iteration method is given below:
In the past decade, a few authors have proposed third order methods with three function evaluations free from f ; for example, [2, 3] and the references therein. The efficiency index (EI) of an iterative method is measured using the formula p 1 d , where p is the local order of convergence and d is the number of function evaluations per full iteration cycle. Kung-Traub [4] conjectured that the order of convergence of any multi-point without the memory method with d function evaluations cannot exceed the bound 2 d−1 , the "optimal order". Thus, the optimal order for three evaluations per iteration would be four. Jarratt's method [5] is an example of an optimal fourth order method. Recently, some optimal and non-optimal multi-point methods have been developed in [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] and the references therein. A non-optimal method [16] has been recently rediscovered based on a quadrature formula, which can also be obtained by giving β = 2 3 in Equation (3) . In fact, each iterative fixed-point method produces a unique basins of attraction and fractal behavior, which can be used in the evaluation of algorithms [17] . Polynomiography is defined to be the art and science of visualization in the approximation of zeros of complex polynomials, where the created polynomiography images satisfy the mathematical convergence properties of iteration functions.
This paper considers a new family of optimal fourth order methods, which is an improvement of the method given in [16] . We study extraneous fixed points and basins of attraction for two particular cases of the new family of methods and a few equivalent available methods. The rest of the paper is organized as follows. Section 2 presents the development of the methods, their convergence analysis and the extension of new fourth order methods to sixth and twelfth order. Section 3 includes some numerical examples and results for the new family of methods along with some equivalent methods, including Newton's method. In Section 4, we obtain all possible extraneous fixed points for these methods as a special study. In Section 5, we study basins of attraction for the proposed fourth order methods, Newton's method and some existing methods. Section 6 discusses an application on Planck's radiation law problem. Finally, Section 7 gives the conclusions of our work.
Development of the Methods and Convergence Analysis
Noor et al. [16] consider the following third order method for the value of β = 2 3 in Equation (3):
This Method (4) is of order three with three evaluations per full iteration having EI = 1.442. To improve the order of the above method with the same number of function evaluations leading to an optimal method, we propose the following without memory method, which includes weight functions:
where H(τ) and G(η) are two weight functions with τ =
.
Convergence Analysis
The proofs for Theorems 1 and 2 are worked out with the help of Mathematica.
Theorem 1.
Let f : D ⊂ R → R be a sufficiently smooth function having continuous derivatives up to fourth order. If f (x) has a simple root x * in the open interval D and x 0 is chosen in a sufficiently small neighborhood of x * , then the family of Method (5) is of local fourth-order convergence, when:
and it satisfies the error equation:
,
, j = 2, 3, 4, ... and e n = x n − x * .
Proof. Taylor expansion of f (x n ) and f (x n ) about x * gives:
so that:
Again, using Taylor expansion of f (y n ) about x * gives:
Using Equations (8) and (10), we have: 
Using Equations (7), (8) and (10), then we have: 
Expanding the weight function H(τ) and G(η) about 1 using Taylor series, we get:
Using Equations (13) and (14) in Equation (5), such that the conditions in Equation (6) are satisfied, we obtain:
Equation (15) shows that Method (5) has fourth order convergence.
Note that for each choice of |H (1)| < ∞ and |G (1)| < ∞ in Equation (15) will give rise to a new optimal fourth order method. Method (5) has efficiency index EI = 1.587, better than Method (4) . Two members in the family of Method (5) satisfying Condition (6), with corresponding weight functions, are given in the following:
By choosing H (1) = G (1) = 0, we get a new Proposed method called as PM1 :
where its error equation is:
By choosing H (1) = 0, G (1) = 1, we get another new Proposed method called as PM2 :
Remark 1. By this way, we can propose many such fourth order methods similar to PM1 and PM2. Further, the methods PM1 and PM2 are equally good, since they have the same order of convergence and efficiency. Based on the analysis done using basins of attraction, we find that PM1 is marginally better than PM2, and hence, we have considered PM1 to propose a higher order method, namely PM3.
Higher Order Methods
We extend the method PM1 to a new sixth order method called as PM3:
The following theorem gives the proof of convergence for Method (18) . Proof. Taylor expansion of f (z n ) about x * gives: 
By using Equations (8), (12) and (19) in Equation (18), we obtain:
The following theorem is given without proof, which can be worked out with the help of Mathematica. 
Some Existing Fourth Order Methods
Consider the following fourth order optimal methods for the purpose of comparing results:
Jarratt method (JM) [5] :
Method of Sharifi-Babajee-Soleymani (SBS1) [12] :
Method of Sharifi-Babajee-Soleymani (SBS2) [12] :
Method of Soleymani-Khratti-Karimi (SKK) [15] :
Method of Singh-Jaiswal (SJ) [14] :
Method of Sharma-Kumar-Sharma (SKS) [13] :
Furthermore, consider the following non-optimal method found in Divya Jain (DJ) [10] :
Numerical Examples
In this section, we give numerical results on some test functions to compare the efficiency of the proposed family of methods with some known methods. Numerical computations have been carried out in the MATLAB software, rounding to 500 significant digits. Depending on the precision of the computer, we use the stopping criteria for the iterative process: error = |x N − x N−1 | < , where = 10 −50 and N is the number of iterations required for convergence. d 1 represents the total number of function evaluations. The computational order of convergence (COC) denoted as ρ is given by (see [18] ):
Functions taken for our study are mostly used in the literature [7, 11] , and their simple zeros are given below:
From Tables 1 and 2 , we observe that PM1 and PM2 converge in a lesser number of iterations and with low error when compared to Methods (1) and (4). For equivalent fourth order methods, PM1 and PM2 converge in a lesser number of iterations for certain functions, for example PM2 performs better compared to Method (25) for the functions f 2 , f 7 , f 8 , f 9 and f 10 . In terms of the number of iterations for convergence, PM1 and PM2 are equivalent to JM. Tables 3 and 4 displays the total number of function evaluations (d 1 ) and the computational order of convergence (COC) ρ for the methods taken for our study. Table 3 . Total number of function evaluations (d 1 ) and COC (ρ). Table 5 displays the results for the " f zero" command in MATLAB, where N 1 is the number of iterations to find the interval containing the root and f (x n ) is the error after N number of iterations. For the f zero command, zeros are considered to be points where the function actually crosses, not just touches the x-axis. It is observed that the present methods (PM1 and PM2) converge with a lesser number of total function evaluations than the f zero solver. Table 5 . Results for the f zero command in MATLAB. It is interesting to note that all of the above discussed methods can be written as:
A Study on Extraneous Fixed Points
As per the definition, x * is a fixed point of this method, since u(x * ) = 0. However, the points ξ = x * at which G f (ξ) = 0 are also fixed points of the method, since G f (ξ) = 0; the second term on the right side of Equation (29) vanishes. Hence, these points ξ are called extraneous fixed points.
Moreover, for a general iteration function given by:
the nature of extraneous fixed points can be discussed. Based on the nature of the extraneous fixed points, the convergence of the iteration process will be determined. For more details on this aspect, the paper by Vrcsay et al. [19] will be useful. In fact, they investigated that if the extraneous fixed points are attractive, then the method will give erroneous results. If the extraneous fixed points are repelling or neutral, then the method may not converge to a root near the initial guess.
In this section, we will discuss the extraneous fixed points of each method for the polynomial z 3 − 1. As G f does not vanish in Theorem 6, there are no extraneous fixed points.
Theorem 6. There are no extraneous fixed points for Newton's Method (1) and Method (4).

Theorem 7.
There are six extraneous fixed points for Jarratt Method (22).
Proof. The extraneous fixed point of Jarratt method for which
, we get the equation 1+7z 3 +19z 6 2+14z 3 +11z 6 = 0. The extraneous fixed points are found to be 0.411175 ± 0.453532i, − 0.598358 ± 0.129321i, 0.187183 ± 0.582854i. All of these fixed points are repelling (since |R (z 0 )| > 1).
Theorem 8. There are fifty two extraneous fixed points for Method (23).
Proof. We found for Method (23) ,
The extraneous fixed points are at found to be All of these fixed points are repelling (since |R (z 0 )| > 1).
Theorem 9.
There are thirty nine extraneous fixed points for Method (24).
Proof. For Method (24),
The extraneous fixed points are at 0.385139 ± 0.301563i, − 0.453731 ± 0.182759i, 0.0685914 ± 0. 
Definition 18.
If O is an attracting periodic orbit of period m, we define the basins of attraction to be the open set A ∈ C consisting of all points z ∈ C for which the successive iterates R m (z), R 2m (z), ... converge towards some point of O.
Lemma 19.
Every attracting periodic orbit is contained in the Fatou set of R. In fact, the entire basins of attraction A for an attracting periodic orbit is contained in the Fatou set. However, every repelling periodic orbit is contained in the Julia set.
In the following subsections, we produce some beautiful graphs obtained for the proposed methods and for some existing methods using MATLAB [23, 24] . In fact, an iteration function is a mapping of the plane into itself. The common boundaries of these basins of attraction constitute the Julia set of the iteration function, and its complement is the Fatou set. This section is necessary in this paper to show how the proposed methods could be considered in polynomiography. In the following section, we describe the basins of attraction for Newton's method and some higher order Newton type methods for finding complex roots of polynomials p 1 (z) = z 3 − 1 and p 2 (z) = z 4 − 1.
Polynomiographs of p
We consider the square region [−2, 2] × [−2, 2], and in this region, we have 160,000 equally-spaced grid points with mesh h = 0.01. It is composed of 400 columns and 400 rows, which can be related to the pixels of a computer display, which would represent a region of the complex plane [25] . Each grid point is used as an initial point z 0 , and the number of iterations until convergence is counted for each point. Now, we draw the polynomiographs of p 1 (z) = z 3 − 1 with roots α 1 = 1, α 2 = −0.5000 − 0.8660i and α 3 = −0.5000 + 0.8660i. We assign "red color" if each grid point converges to the root α 1 , "green color" if they converge to the root α 2 and "blue color" if they converge to the root α 3 in at most 200 iterations and if |z n − α j | < 10 −4 , j = 1, 2, 3. In this way, the basins of attraction for each root would be assigned a characteristic color. If the iterations do not converge as per the above condition for some specific initial points, we assign "black color". Figure 1a -j shows the polynomiographs of the methods for the cubic polynomial p 1 (z). There are diverging points for the method of Noor et al., SBS1, SBS2 and SKK. All starting points are converging for the methods NM, JM, SJ, SKS, PM1 and PM2. In Table 6 , we classify the number of converging and diverging grid points for each iterative method. Note that a point z 0 belongs to the Julia set if and only if the dynamics in a neighborhood of z 0 displays sensitive dependence on the initial conditions, so that nearby initial conditions lead to wildly different behavior after a number of iterations. For this reason, some of the methods are getting many divergent points. The common boundaries of these basins of attraction constitute the Julia set of the iteration function. 
Next, we draw the polynomiographs of p 2 (z) = z 4 − 1 with roots α 1 = 1, α 2 = −1, α 3 = i and α 4 = −i. We assign yellow color if each grid point converges to the root α 1 , red color if they converge to the root α 2 , green color if they converge to the root α 3 and blue color if they converge to the root α 4 in at most 200 iterations and if |z n − α j | < 10 −4 , j = 1, 2, 3, 4. Therefore, the basins of attraction for each root would be assigned a corresponding color. If the iterations do not converge as per the above condition for some specific initial points, we assign black color. Table 7 , we classify the number of converging and diverging grid points for each iterative methods. Furthermore, we observe that the SKS, PM1 and PM2 methods are divergent at a lesser number of grid points than the method of Noor et al., SBS1, SBS2, SKK and SJ. Table 8 shows that the proposed methods are better than or equal to other comparable methods with respect to the number of iterations, computational order convergence and error. All of the methods applied on the cubic and quartic polynomials p 1 (z) and p 2 (z) are convergent with real roots as the starting point. From this comparison based on the basins of attractions for cubic and quartic polynomials, we could generally say that NM, JM, PM1 and PM2 are more reliable in solving nonlinear equations. Furthermore, by observing the polynomiographs of p 1 (z) and p 2 (z), we find certain symmetrical patterns for the x-axis and y-axis, where the starting point z 0 leads to convergent real or complex pair of roots of the respective polynomials.
An Application Problem
To test our methods, we consider the following Planck's radiation law problem found in [10, 26] :
which calculates the energy density within an isothermal blackbody. Here, λ is the wavelength of the radiation; T is the absolute temperature of the blackbody; k is Boltzmann's constant; h is the Planck's constant; and c is the speed of light. Suppose we would like to determine wavelength λ, which corresponds to maximum energy density ϕ(λ). From Equation (31), we get:
It can be checked that a maxima for ϕ occurs when B = 0, that is when:
(ch/λkT)e ch/λkT e ch/λkT − 1 = 5.
Here, putting x = ch/λkT, the above equation becomes:
Define:
The aim is to find a root of the equation f (x) = 0. Obviously, one of the roots x = 0 is not taken for discussion. As argued in [26] , the left-hand side of Equation (32) is zero for x = 5 and e −5 ≈ 6.74 × 10 −3 . Hence, it is expected that another root of the equation f (x) = 0 might occur near x = 5. The approximate root of the Equation (33) is given by x * ≈ 4.96511423174427630369.
Consequently, the wavelength of radiation (λ) corresponding to which the energy density is maximum is approximated as: λ ≈ ch (kT)4.96511423174427630369 .
We apply the methods NM, DJ, PM1, PM2, PM3 and PM4 to solve Equation (33) and compared the results in Tables 9 and 10 . From these tables, we note that the root x * is reached faster by the method PM4 than by other methods. This is due to the fact that PM4 has the highest efficiency index EI = 1.644. Results for the f zero command in MATLAB for this application problem are given in Table 11 . 
Conclusions
In this work, we have proposed a family of fourth order methods using weight functions. The fourth order methods are found to be optimal as per the Kung-Traub conjuncture. Further, we have extended one of the methods to sixth and twelfth order methods with four and five function evaluations, respectively. The extraneous fixed points for the fourth order methods and for some existing methods are discussed in detail. By analysis using basins of attraction, our methods PM1 and PM2 are found to be superior to the methods of Noor et al. [16] , SBS1, SBS2, SKK and SJ; specifically, the methods of SBS1, SBS2 and SKK are very badly scaled in both cubic and quartic polynomials. Moreover, PM1 and PM2 are better than other compared methods, except Newton's method and Jaratt's method, which perform equally well. We have also verified our methods (PM1, PM2, PM3, PM4), NM and DJ on Planck's radiation law problem, and the results show that PM4 is more efficient than other compared methods. 
